By virtue of complex interactions, the behaviour of mutualistic systems is dif-12 ficult to study and nearly impossible to predict. We have developed a theoretical 13 model of a modifiable experimental yeast system that is amenable to exploring 14 self-organised cooperation while considering the production and use of specific 15 metabolites. Leveraging the simplicity of an artificial yeast system, a simple 16 model of mutualism, we develop and test the assumptions and stability of this 17 theoretical model. We examine how one-off, recurring and permanent changes 18 to an ecological niche affect a cooperative interaction and identify an ecological 19 "Goldilocks zone" in which the mutualism can survive. Moreover, we explore 20 how a factor like the cost of mutualism -the cellular burden of cooperating -21 influences the stability of mutualism and how environmental changes shape this 22 stability. Our results highlight the fragility of mutualisms and suggest the use of 23 synthetic biology to stave off an ecological collapse.
reversed for ADE↑Ṁodifying the logistic growth equation gives the dynamical equations for 89 the growth of the two strains:
The two strains grow if the required metabolites are present. The strains compete for a 91 limited amount of space, given by K. Amino acid concentrations, together with Monod-type 92 saturation kinetics, control the growth of the strains. Our model is mechanistic regarding 93 individual amino acid dynamics. Explicitly including metabolite concentrations is crucial, as 94 pairwise Lotka-Volterra models may not always provide a realistic qualitative picture of the 95 dynamics [14] . Amino acids are a consumable resource. As they are produced constitutively 96 by one of the strains, the other strain uses them immediately. The dynamics of metabolite 97 densities in the culture hence can be captured by:
The rate at which each metabolite i can increase in the yeast culture is given by β i . This 99 rate determines the amount of metabolite shared by the corresponding overproducing strain. 100 We assume that use of a metabolite at rate γ i by strains x i also involves formation of 
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) and the relative fractions of metabolites adenine (c A /(c A + c L )) and lysine (c L /(c A + c L )) in a continuous culture. As an initial condition there is no free adenine or lysine in the culture, but nonzero populations of the strains generate the free adenine and lysine in the same relative frequencies. The relative initial fractions for the strains are LYS↑ = 0.8 and ADE↑ = 0.2 and the rate at which the two strains share the two metabolites is set to β 1 = β 2 = 0.04. We set the carrying capacity of the culture vessel to K = 5. Left: The uptake rate of the metabolites as well as the degradation rate are exactly the same (r 1 = r 2 = 5 and γ 1 = γ 2 = 2). Michaelis constant for both metabolites to k c A = k c L = 1. Under these symmetric conditions, normalised densities of the strains, as well as that when the two metabolites reach an equilibrium where normalised concentrations are the same. Right: Clearly the assumption of symmetric rates is a simplification. Informed by experiments, we estimate r 1 = 11.4906, r 2 = 29.3955 and the Michaelis constants k c A = 26.4326, k c L = 29.0254. This asymmetry in uptake rates is reflected in the resulting unequal equilibrium. We explore the theoretical model as depicted in Fig. 2 , now with added initial supplementation. The initial concentrations of the metabolites c A and c L are set to 0.1, 1.0, and 10 as denoted in the panels. Using the modified version of In the bottom row we show the normalised concentration of the yeast strain ADE↑ relative to the LYS↑ strain, at varying starting ratios over a 120-hour period in synthetic complete media supplemented with adenine to a final concentration of either 0.1, 1.0, or 10 µg/mL. Each point is the mean of three replicates and the error bars represent a single standard deviation. The theoretical model qualitatively predicts experimental model dynamics of mutualism. With increasing supplementation, the dependence of LYS↑ on ade f br lys − is reduced and the system exits the Goldilocks zone. Figure 4 : Equilibrium value of ADE↑ for different supplementation regimes. Initial normalised concentration of ADE↑ = 0.5. The system is assumed to have equilibrated by 300 time steps. In the plots we show the eventual normalised concentration of ADE↑ going from all ADE↑ (1, blue) to all LYS↑ (0, yellow). The initial concentration of adenine in the system at time 0 is shown on the x-axis and the amount of lysing relative to adenine is depicted on the y-axis. For y = 1 the amount of adenine and lysine is the same. The initial supplementation: amino acids provided only at time point t = 0, intermittent supplementation: starting at t = 0 and then every 5 th time step and for continuous: at every time step. Going from Initial to Continuous supplementation we see that the Goldilocks zone (region between the contours 0.2 and 0.8) shrinks as the zone for LYS↑ (yellow) increases, and so does the ADE↑ (blue) region. Figure 5 : Disrupting transient mutualism with intermittent supplementation. Intermittent supplementation (Figure 4 ) started with the same initial supplementation as the initial supplementation regime, so as to be comparable. If we start with no metabolites in the culture and add them at fixed intervals, then it might be possible to extend the range of the Goldilocks zone, even under supplementation. The exact timing of supplementation provided is crucial in determining the eventual equilibrium. If the pattern of supplementation starts early in the existence of ADE↑ then the resulting equilibrium frequency can be drastically affected. By tuning the timing and dose of supplementation, we can maximise the probability of maintaining the system within the Goldilocks zone (as we move from supplementing every 5 to 15 to 25 time step). If intermittent supplementation starts in the latter phase of the transient where the equilibrium value is already reached then the co-existence seems robust. This will also depend on the initial concentration of ADE↑. Thus, while the top row is calculated from an initial normalised concentration of ADE↑ between the two strains.
165
As before, we plot equilibrium values of ADE↑ for different amounts of continuously added 166 adenine and lysine (relative to adenine concentration) ( Fig. 4 right panel up to a 10% reduction in growth, even with environmental supplementation [26, 27] .
183
Typically if a strain overproduces a compound, a cost is associated with it. However, 184 there is potentially also a cost associated with relying on interactions with other organisms.
185
Our mathematical model is also extensible to include a fictitious strain ADE↑LYS↑ that 186 overproduces both amino acids and does not require any supplementation. We assume that 187 any cellular cost incurred will not matter unless it affects the growth rate. In the simplest 188 case, the growth rate would be largely independent of the environment since the strain can 189 satisfy its requirements. The theoretical model shows that we can supplement the culture with one of the metabo-201 lites. Since the ADE↑ strain has the higher growth rate, we support it by providing lysine in 202 the culture (environment). As the amount of supplementation is reduced, it must be provided 203 earlier so as to maintain ADE↑ as the dominant strain. The later intervention via supple-204 mentation occurs, the more likely that predictions of the growth rate for unsupplemented 205 populations hold true. The same holds for scenarios in which the ultimate overproducer 206 dominates. We need to provide a high amount of supplement early to offset the fitness 207 benefit of the ultimate overproducer Fig. 6 (dominant strain panel 3 ). If supplementation 208 occurs after the carrying capacity has already been reached, then it has no effect. Figure 6 : Ultimate overproducers and equilibrium dominance. The top panel displays experimental growth data for the ADE↑ and LYS↑ strains. A range of constant growth rates for the ADE↑LYS↑ strain that fall inside of the aforementioned experimental rates were selected, shown with the varying black lines. Given these growth rates we can estimate the equilibrium of the system. The colour denotes the dominant strain at equilibrium in each simulation, with yellow representing LYS↑ and blue ADE↑Ḟor increasing growth rates of the ultimate overproducer, we see that more lysine is required to maintain one of the mutualists as the dominant strain. Furthermore, the exact time of intervention k (and then every k th step) matters. The low fitness strain ADE↑LYS↑ never becomes dominant, but relative dominance of the two mutualists can change (left two panels and the explicit dynamics shown in the insets). For reduced supplementation, the intervention must occur earlier if there is to be a change in dominance. The same is true for higher fitness of ADE↑LYS↑ although in this case, intervention times would hvae to occur extremely early on.
Discussion & Conclusion
Cooperation is instrumental at all levels of life and on all timescales. On a scale of ecosys-211 tems, the biosphere itself can be viewed as interacting networks of varying components.
212
Although important, the behaviour of these complex interactions is difficult to study and 213 nearly impossible to predict. Even simple interactions between a small number of coopera-the amounts of nutrients. For continuous supplementation we modify the Eqs. (4) to,
where the values of c Acont and c Lcont determine the amount of nutrient continuously added 470 to the culture. For intermittent supplementation we make use of a hybrid dynamic system 471 [23]. We start with the same initial conditions as for other supplementation regimes, where 472 the initial condition of the nutrient matches the amount used for supplementation. Dynamics 473 proceed as per equations in the main text. In total, they run for the same amount of time 474 as the initial and continuous supplementation experiments before assuming equilibrium, but 475 the time is split into many small cycles. Each cycle runs for a short period. Thus we have Fig. 5 , the frequency and timing of intermittent supplementation changes the equilibrium of the system, but the initial conditions matter as well. In this figure we highlight this dependence. Starting the supplementation regime at time point 5 and then supplementing at every 5 th time point we get the first row for different levels of supplementation. For the second and third row, the first dose (and subsequent) of supplementation occurs at 15 and 25 time-points. For high supplementation, the number of cycles are immaterial. A single dose of supplementation is enough to shift the equilibrium; however, the exact timing of this dose is crucial. The time at which the first disturbance occurs affects the role of initial conditions. If supplementation begins early (at 5), then the order of initial conditions is not affected as opposed to cases in which supplementation is started later (at 15 and at 25).
